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The plane contact problem of the transmission of a normal force of specified strength onto an elastic anisotropic, wedge-shaped
plate by an elastic beam of variable flexural stiffness is considered. The beam is coupled to one of the edges of the plate and its
other edge is stress-free. The solution of the problem is obtained in closed form by reducing it to a Karleman boundary-value
problem with shear for a strip. A conclusion is reached concerning the nature of the discontinuity of the normal contact stress
at the vertex of the wedge. © 2005 Elsevier Ltd. All rights reserved.

Contact problems of the interaction of elastic bodies of different shape with thin elastic elements in
the form of stringers, beams or inclusions have been considered in [1-3]. Problems for an elastic isotropic
or anisotropic wedge, reinforced with elastic elements of constant stiffness [4-8], and, also, the problem
for an elastic isotropic wedge reinforced along the bisectrix by an elastic rod of variable stiffness [9]
have been investigated using boundary-value problems in the theory of analytic functions. The contact
problem for an anisotropic wedge-shaped plate with an elastic mounting of variable stiffness has been
considered in [10].

We will assume that a beam with stiffness D(x) lies on one boundary (arg z = 0) of an elastic anisotropic
body which occupies an angle -0 < arg z < 0 in the z = x + iy plane and that a distributed normal load
of strength Py(x) is applied to the beam. We shall assume that Py(x) is a bounded summable function,
equal to zero outside a certain interval. There is no friction between the beam and the wedge. The other
boundary of the wedge (arg z = -8) is stress-free, 0 < 6 < 2.

The problem reduces to the following problem of the equilibrium of an elastic angle

2 2 E-(x)h°
_d__z_D(x)i_lz) - PO(‘x) _ P(x), Txy(x’ 0) = 0, x> 0, D(x) = M (1)
dx dx 12(1-vyp)
X, (1) =Y, (1) =0, argt=-6 2)
where P(x) is the required contact stress, which satisfies the equilibrium conditions
j P(t)dt = j Py(t)dt = Py, j tP(t)dt = J'tPO(t)dt = M, (3)

0 0 0 0

Eq(x) is the modulus of elasticity of the beam, A(x) is its thickness, v, is Poisson’s ratio and v(x) is the
vertical displacement of the points of the beam.
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We will consider the two planes of the complex variables: z; = x; + iy, and z, = x, + iy, which are
obtained from the z = x + iy plane by the corresponding affine transformations

X =x+0yy, ¥y =By, x = x+oyy, ¥, = Boy; By>B,>0

Using these transformation, the domain S(—8 < argz < 0) of the plane of the variable z transfers
respectively into the domain (-6, < argz, <0) of the plane of the variable z;, (k = 1, 2), tg6; =
BysinB(cosh ~ oysind) .

If the roots of the characteristic equation s # s,, on the basis of the well-known formulae [11], the
problem reduces to finding the functions ®;(z;) and ®,(z,), which are holomorphic in the domains S,
and S, respectively with the following boundary conditions

(51 = 508D (8)) + (5, = 5,)8,D (1)) + (5, = 5)1,P,(1) = 0

, 4)
t, = p(cosB—s;sin@), p = [f>0
(51 = 5)@(1) + (5, = 5,)D(1) + (5, - 5,) @y (t) = =5,P(z), t>0 )
1 X t
2Re[q, @] (x) + g, P5(x)] = —D—(—E{dt{[Po(s) —P(s)lds, x>0 (6)
It is required of the functions ®;(z;) and ®,(z,) that they should satisfy the conditions
limz, ®,(z,) >0, z,—0, k=12
and, for sufficiently large |z;|, have the form
1 T A iy, f:Ak(O)
@ (z) = —— [ e iz , z,€S 8
k( %) mZk—J;Q ¢ 2z k k ( )
Moreover, A,(0) satisfy the condition
(5, =5)A5(0) = (55— 5,)A,(0) + (5, —5,)A,(0)
Introducing the values (8) into boundary conditions (4) and (5), we obtain
- 2\ i(3- . - —~(3-2k)8 - -y IN(t
AD) = (505, - 5)eC M b5 Gy e s, (5, -5)e ﬂ% ©)

where

cosf — s, sin@

= Inj—"_ 17
. cos — 5,5in@

2 -2 1 P s\ 8§ ~its
A(t) = |5, -5, chyt —|s; —5,/"chdr + 4 cosiz, N(t) = — | P(e')ee ds
(1) = |5y =8| "chyr —|s; = 5| By B,cosp 7 Aﬁ’—t_{,
The first equality of (3) gives

J2N(0) = jP(e‘)e:ds = j P(t)dt = P,
00 0
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Taking the limit in equalities (9) as ¢ — 0, we obtain

2(=1) P8+ (-1)85,_4 (5= 830 + V53151 = 52) Po_
Isy = 521" = |5y —5,[8" ~ 4B, Bon” J2m

A0) =

Introducing the values of the functions ®(z), represented by formula (8), into boundary condition
(6) and bearing in mind equality (9), we will have

' , 1 T(it-1D(A,+iA)NEE™ ¢
2Re[gq; @) (x) + g, P,(x)] = «/2_1tx2"‘ A dt+x_2 (10)

00

where
¢ = J/mIm[g,A,(0) + g,A5(0)]

ajchyt +a,chdt + cj cosput

A,(t) = a;shyt+ayshdr+cysinus,  Ay(1)
CT = 2B,Im[g,;s,]1+ 2B, Im[g,s,]
@ +ia; = (415, - 4251)(s1 - 8,), @ +iay = (15— 45 (52=51)

Substituting the values of ¢; and g, [11] into these formulae, carrying out some reduction and applying
Vieta’s theorem, we obtain

1 1 1

1 - -2
ayls; - szjzlm(s—l + s—z), ay = apls;— 5 Im(:v—2 - S_l)

+
a,

ay=a,=¢c, =0, ¢ = 4[31[32Re(sll—slz), A) =0

where ay, is one of the constants of elasticity of the plate.
Consequently, according to formula (10), condition (6) takes the form

X t

LT s, X o _(1-inA()
_7_2_;‘{ GN(me""dt + s {dt{[P(s)—PO(s)]ds = GO) = —xp5— (11)

The functions A(f) and A(¢) do not vanish anywhere except at the point ¢ = 0. The pointt = 0is a
second-order zero for the function A(¢) and a first-order zero for the function Ay(f).

We put D(x) = dox? * 2 dy > 0 where p is any real number. After substituting & = Inx into formula
(11), differentiating both sides of the resulting equality and carrying out an inverse Fourier
transformation, we obtain

dot(P+it)G(t)\'P(t)+\P(t—ip) = F(t), —o—jE<L<t <0 —iE (12)
where
¥(r) = w F(t) = -dyG(t)(p +it)Ny(1), No(t) = _J;__TIIeSPO(es)e—itsds

and ¢ is a positive number which may be as small as desired.

The following problem arises: to find a function, which is homomorphic in the strip p —& < Imz < —€,
vanishes at infinity, is continuable in the boundary of the strip and satisfies condition (12).

The function F(¢) is analytically extendable in the strip 0 < Imz < p except for the points which are
the roots of the function A(f), where it has poles, and it vanishes at infinity.
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Suppose p > 0. Then, the coefficients of the problem can be given the form

. . hZ(t - ip) .
He=ip)t+DA() . 5 5 A ¢ 2, ‘ ot
A0 =i +p )Tp(t)A—(t)—thz——pt—-———Shlt s Tp(t) = —— >

2p

We consider the function
G, (1) = T,(U,(1)

where

A n o A 1 1
Up(t) - mt_)thz_pt, a = ;h_I)ILA_(ti— = a22lm(§—1+§—2)

The function G,(t) is continuous along the whole of the axis and Gy(~) = G,(+o0) = 0. The function
Uy(r) takes positive values and the function T,,(¢) has a single zero and one pole in the lower half plane
and, therefore, Ind G,,(¢) = 0. The branch of tﬁe function In G,(f) which vanishes at infinity is integrable
along the whole of the axis.

On the basis of results obtained earlier in [12], the functions G,(t), £ + p* and the number ady can
be represented in the form

X,(t=ip) o 2 X(t-ip) _Xy(1-ip)

GO TP TR o

— 00 —JE< 1< (o0 —iE) (13)

where

X,(2) = exp{zll_p J' lnGp(t)cthn(t—z)dt}

—oo—ig

X,(2) = p"PT(1 + izl p)IT(2 - izl p), X,(z) = exp(i(z/p)In(ady)); — p—e<Imz<—¢

Substituting expressions (13) into formula (12), we obtain

¥, ¥-ip) _ _F(@)

X(0 " X(t—=ip) ~ X(t-ipy ~~TIESI<E-IE

. (14)
X(z) = %Xp(z)X,(z)Xz(z)shiZ;—;zp'Z/pI‘(l +iz/p)

The functions X,,(z) and X,(z) are bounded in the whole of the strip and, for sufficiently large |z|, the
function X, (z) admits of the estimate

X, = 0047*""7"), z=r+it, —p<i<0
Hence it follows that
X(z) = o(d7>""""?), _p<1<0

Hence, the solution of problem (14) can be represented in the form

X(2) F(t)dt

¥(z) =
2ip -eX(t=ip)sh(i-2)

, —p—-¢e<Imz<-g (15)
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Suppose p 2 1. If the function Ny(¥) is analytically continuable in the strip—1 < Imz < 1 and vanishes
exponentially at infinity, it follows from condition (12) and formula (15) that the function

Y¥(z), -p-e<Imz<-£

¥ (2) = {F(z)-¥(z-ip)

, —e<Imz<p-¢
doz(p +12)G(2) Zsp

is holomorphic in the strip —p — € < Imz < p-¢ Vamshes exponentlally at infinity and is bounded in
the whole strip apart from at the pointsz} F=t it T(j =1,2,...,]) which are the zeros of the function
G(z) in the strip € < Imz < p -¢.

Using Cauchy’s formula, the required contact stress can be represented in the form

AP(x) = P(x)-Py(x) = J-%;c; j (e ™ dr = —ﬁ%x J (t=ipYP(t - ip)e P gy

Consequently, in the neighbourhood of the vertex of the angle (x — 0), we have AP(x) = x” ~lg(x),
where g(x) is a bounded function when x > 0. For large x, we have AP(x) = O(x~( * ™),

If 0 < p < 1, the function ¥(z), which is given by formula (15), is analytically continuable in the strip
-1 < Imz < -€ except at the points w; = A + ip; (j = 1,2, ..., g) which are the poles of the function
G(2) in this strip. In the nelghbourhood of the Pomt x = 0, the normal contact stress can then be
represented in the following manner: AP(x) = &1 T ) + 5(x), where g(x) is a bounded function when
x 20, ¢ = const.

We will now consider the case when p < 2, that is, the stiffness of the rod increases at the vertex of
the angle and decreases at infinity. On introducing the notation m = —p (sn > 0), using reasoning similar
to that presented above, we can write condition (12) in the form

Yo(t) ‘I’o(t+lm) Fy(1)
X(t) X(t+zm) X(t)

, —oo+iE<t<oo+IE

X(2) = %Xm(z)lc(z)(z ~im/2)shsz, e<Imz<m+e

X (2) = exp{z:lr—n _[ lnGm(t)cthg(t—z)dt} (16)

—oo+ 1€
x(z) = exp(~iz/min(ady))m™>"“"T*(1 + iz/m)/T(2 + izlm)

t+i 2t-imA(f)

Gnl®) = T imyat+ im A

For sufficiently large |z|, the function X(z) admits of the estimate

IX(2) = o(**™ %), 0<1<m

The function W,(z)/X(z) is holomorphic in the strip € < Imz < m + € except at the point z = im/2
where it can have a first-order pole. The solution of problem (16) is therefore given by the formula

+ 1

X Fod AKQ)
2im

Yo(2) = — e n
oot ig X(I+ im)shn—1(t -2) ch—m—z

Fo(z) = dy(iz—-1)(m—iz)(A(2)/A(2))Ng(z), Ay = const, e<Imz<m+¢
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From the equality

j 1(P(1) - Py(2))dt = 0
0

we obtain Wy(7) = 0, whence the constant A4 is also determined.
The function

Wo(z), e<Imz<m+e
Wy (2) = 1 Fy(z) + Po(z + im)

dam—inG(p  ~moe<imz<e

is holomorphic in the strip—n + € < Imz < m + &, vanishes at infinity and is continuable in the boundary
of the strip except at the points z; = ¢; + it; (j = 1, 2, ... , n) which are the zeros of the function G(z)
in the strip -+ + € <Imz < €.

If 17 < -1, then the function ¥,(z) is analytically continuable in the strip -1 < Imz < m + € and the
normal contact stress AP(x) is bounded in the neighbourhood of the point x = 0.

If 17 > -1, the function W,(z) has a pole very close to the real axis at the point z7 = ¢{ + it7 and,
consequently, the contact stress in the neighbourhood of the pointx = 0 can be represented in the form

(1+1) .
l +8(x%)

AP(x) = &yx
where g,(x) is a bounded function when x > 0, ¢; = const. For large x, we have
AP(x) = O(x '™™), x>

We will now consider some special cases. As will be clear from the subsequent account, in the cases
being considered

oY, pz1
AP(x) ={0(x°), O<p<l; x—0 17)
o(x"), p<0

Suppose the domain S is a half-plane. Then,
6,=6,=0=mn 8=0, y=2n, p=0
A(r) = 2Js,—s,shms, A, (1) = 2|s, -5,/ ashmrchn
Hence it follows that 17 = -1/2, u7 = -1 and the function AP(x) satisfies relations (17) when & = 0,
;\;vﬂif'e = 2m, that is, the plane is cut along the real, positive axis, we obtain
0,=06,=2n, 8=0, y=4n, pn=0
A() = 2|s; s, sh2ms, A1) = 2|s; -5, ash2mrch2me
Consequently, 17 = -1/4, u7 = —-1/2 and the function AP(x) satisfies relations (17) when § = -1/2,
;I;t:i/ii’lat, when p = m = 0, condition (12) gives
¥(2) = F()N(idyz G(2) + 1)

and the estimate

AP(x) = O(x* ') when x—0
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holds for the normal stress, where A = ~Imp and p is the zero of the function idyz’G(z) + 1 in the
lower half-plane which is closest to the real axis.

In the special case, when the body is orthotropic and one of its axes of anisotropy is parallel to the

edge of the wedge on which the beam is supported, it has been proved that, when p < 0, the normal
contact stress in the neighbourhood of the end of the beam is bounded when 0 < /2 and has the form
AP(x) = O(x™), x — 0 when 0 > /2, where 0 < 1, < 3/4. In particular, we have AP(x) = O(x>°),
x — 0 when 6 = 3x/2.
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